Considerable progress in experimental studies of atomic gases in a toroidal geometry has opened up novel prospects for the investigation of fundamental properties of superfluid states and creation of new configurations for atomtronic circuits. In particular, atomic Bose-Einstein condensates loaded in a dual-ring trap suggest a possibility to consider the tunneling dynamics between coupled condensates with different angular momenta. Accordingly, we address the tunneling in a pair of coaxial ring-shaped condensates separated by a horizontal potential barrier. A weak-coupling truncated (finite-mode) Galerkin model and direct numerical simulations of the underlying three-dimensional Gross-Pitaevskii equation are used for the analysis of tunneling superflows driven by an initial imbalance in atomic populations of the rings. The superflows through the Bose-Josephson junction are strongly affected by persistent currents which are present in the rings. Josephson oscillations of the population imbalance and angular momenta in the coupled rings are obtained for co-rotating states and non-rotating ones. On the other hand, the azimuthal structure of the tunneling flow implies formation of Josephson vortices (fluxons) with zero net current through the junction for hybrid states, built of counter-rotating persistent currents in the coupled rings.
I. INTRODUCTION
The Josephson effect in the alternating-and directcurrent (a.c. and d.c.) forms was first discovered in a system of two superconductors, the macroscopic wave functions of which are weakly coupled across the tunneling barrier [1, 2] . The a.c. Josephson effect in atomic Bose-Einstein condensates (BEC) was experimentally observed [3] in an atomic cloud loaded in the double-well potential, where a constant chemical-potential difference of coupled condensates drives an oscillating atomic flow through the barrier, see also recent experimental work [4] Persistent currents in toroidal atomic BEC were extensively investigated, both experimentally and theoretically, as a hallmark of superfluidity. The ring-shaped trap produces a large central hole around the axis of the condensate cloud. Thus, the core of vortex states, alias persistent currents, in toroidal traps is bounded by the potential barrier, which makes even the multicharged vortices robust. The stability of the persistent current in a single ring puts suggests to consider the impact of quantized angular momenta in two parallel coupled superfluid rings on the a.c. Josephson effect. In superconductors, geometrically similar ring-shaped long Josephson junctions are well-known objects [5] - [12] , including their discrete version [13, 14] .
Previous theoretical studies [17, 18, [28] [29] [30] [31] have drawn considerable interest to systems of coupled circular BECs. Two identical parallel coaxial BEC rings, separated by a potential barrier, were previously considered in the context of the spontaneous generation of vortex lines [32] and Josephson vortices [33] . However, Josephson dynamics in such a symmetric double-ring system, to the best of our knowledge, has not been previously investigated. In the present work, we consider tunneling of weakly coupled quantized superflows in the paired ring-shaped condensates. The schematic of the coupled double-ring geometry is displayed in Fig. 1 .
The rest of the paper is organized as follows. In Section II, we introduce a simple finite-mode truncation, i.e., the Galerkin approximation (GA). For inputs in the form of identical vorticities in the coupled rings, the GA predicts ac Josephson oscillations. Novel dynamical states are produced as hybrids composed of opposite vorticities, (1, −1) , in the top and bottom rings. They generate a spatially modulated (periodic) pattern of the tunneling superflow current along the rings, with zero net tunneling rate (no average a.c. Josephson effect). The same conclusions are obtained for semi-vortex hybrids with the vorticity set of the (0, 1) type (semi-vortices, also known as half-vortices [34] , are natural modes in spinorbit-coupled systems [35] ). Section III reports results of systematic simulations of the full three-dimensional (3D) Gross-Pitaevskii equation (GPE), which is the underlying model of the system. It is found that the direct simulations well corroborate the GA predictions. Also, we received, that the vanishing of the net tunneling superflow is associated with generation of Josephson vortices (fluxons) trapped in the Bose Josephson junction. The paper is concluded by Section IV.
II. THE WEAK-COUPLING MODEL (GALERKIN APPROXIMATION, GA)
It is instructive to start the investigation of tunneling in the system of two weakly parallel-coupled rings, using a finite-mode (truncated) approximation, i.e., GA, replacing the underlying GPE. In this section, we first introduce the basic equations for the present model and consider typical scenarios of the dynamics of imbalance of the populations and angular momenta in the coupled annular-shaped BECs.
FIG. 1: (Color online)
The schematic geometry of two weakly coupled coaxial ring-shaped condensates, with different vorticities m1 and m2 of the two components. Shown are isosurfaces of condensate density distributions.
A. Basic equations
The underlying GPE is [26] :
where g = 4πh 2 /M is the coupling strength, M = 3.819 × 10 −34 kg is the mass, a s = 2.75 nm is the swave scattering length for the 23 Na atoms. The trapping potential is taken as V ext (r) = V ρ (ρ − ρ 0 ) + V z (z, z 0 ) in cylindrical coordinates. The first term provides harmonic radial confinement centered at ρ = ρ 0 , where ρ = x 2 + y 2 , and V z (z, z 0 ) creates a symmetric doublewell potential with minima at z = ±z 0 .
The 3D wave function of the system can be written in terms of the two-ring model as
where
and
The first and second terms in Eq. (2) pertain to the top and bottom rings, respectively.
In the scaled form, the GPE system for quasi-1D azimuthal wave functions of the upper and lower parallel tunnel-coupled rings, φ(θ, t) and ψ(θ, t), is written as [17, 18] 
The angular coordinate takes values 0 ≤ θ ≤ 2π, and we keep the coupling constant κ unscaled, to consider weak-and strong-coupling regimes separately. The sign of the nonlinear terms in Eq. (4) is self-repulsive, as we aim to focus on the case when the dynamics of persistent currents in the ring-shaped BEC is not complicated by the modulational instability in the azimuthal direction, which would occur in the case of self-attraction. In the conservative system the total number of particles and angular momentum are conserved:
, where these quantities for the upper and lower rings are
The configuration with counter-circulating flows, characterized by vorticities (topological charges) m 1,2 = ±m, in terms of Fig. 1 may be approximated by the following finite-mode ansatz, which takes into account the possible presence of the non-rotating component:
Effective evolution equations for amplitude a ± and b ± can be derived from the Lagrangian of Eq. (4):
The substitution of ansatz (7) in this expression and angular integration yields
with Hamiltonian
The effective Lagrangian (9) gives rise to the system of dynamical Euler-Lagrange equations:
This system of six evolution equations represents the GA, i.e., the finitemode truncation replacing the full GPE system. It admits an invariant reduction to four equations, by setting a 0 = b 0 = 0. The GA provides an adequate simplification for diverse nonlinear systems [19] - [21] , including GPE-based models of trapped BEC [22] [23] [24] .
Further, the substitution of ansatz (7) in the definitions of the total number of particles and angular momentum, given by Eq. (6), yields the following expressions for the GA versions of these dynamical invariants:
In the general case, system (11) is equivalent to the Hamiltonian one with six degrees of freedom. The presence of only three dynamical invariants, represented by Hamiltonian (10) and Eq. (II A), suggests that the GA system is not integrable, and its invariant reduction to four degrees of freedom, obtained by setting a 0 = b 0 = 0, remains non-integrable too.
B. Analysis of the Galerkin approximation
Equations (11), produced by the GA, admit invariant reductions for states with vorticities (m 1 , m 2 ) = (0, 0) and (1, 1) or (−1, −1), which correspond, severally, to ansatz (7) with a ± = b ± = 0, and
In particular, for (m 1 , m 2 ) = (0, 0) system (11) reduces to a set of two equations:
with κ > 0. This system with two degrees of freedom is integrable, as it conserves Hamiltonian (15), written below, and quantities (II A) (in this particular case, the latter ones amount to a single dynamical invariant).
On the other hand, the set of dynamical variables which include vorticities (m 1 , m 2 ) = (1, −1) does not correspond to any invariant subsystem of Eq. (11) (except for the trivial case of κ = 0) with fewer than four degrees of freedom, hence its evolution is governed by the full system (11) . We use this system in all cases -in particular, with the objective to test stability of the invariant reductions with respect to small perturbations which break the invariance.
Thus, we simulated Eq. (11) It is also instructive to compare angular distributions of the inter-ring tunneling flow. Figure 4 displays the dependence of the density variation δn ψ (θ, t) = |ψ(θ, t)| 2 − |ψ(θ, t = 0)| 2 as a function of the angular coordinate θ. In particular, the state with (m 1 , m 2 ) = (1, 1) does not develop the spatial variation, while ones of the (1, −1) and (0, 1) types naturally build spatially periodic patterns, with the period T θ = π and T θ = 2π, respectively. The analysis of experimental data for the a.c. Josephson effect, which was implemented in Ref. [3] , has demonstrated that the relative difference in the number of particles, η = (N 1 − N 2 )/(N 1 + N 2 ), oscillates in time with the amplitude of order δη ≈ 10 −2 . It is relevant to discuss restrictions on the amplitude of oscillating superflow in more details. In the framework of the GA, the amplitude of oscillations δη = η max − η min is determined by the initial number-of-particle difference η and coupling constant κ. Figure 5 displays values of amplitude δη averaged over ten oscillation periods for state (0, 0) with real initial conditions. As expected, δη grows with κ and δη → 0 when η(t = 0) → 0. Note that the oscillation amplitude δη has a sharp maximum at small η(t = 0) and decays when the initial asymmetry grows, due to the repulsive nonlinear interactions, which resembles experimentally observed features of macroscopic oscillations of BEC trapped in a double-well potential [25] . To gain greater insight into restriction on the accessible oscillation amplitude δη, it is instructive to consider the simplest "comparative" model, based on the system of two ordinary differential equations (13) for complex amplitudes a 0 (t) and b 0 (t). The amplitudes can be represented as
where A ≡ |a 0 | 2 + |b 0 | 2 is the conserved total norm, and θ varies in interval 0 ≤ θ ≤ π/2, so that sin (2θ) as well as the norm A are always positive (or zero).
The present system with two degrees of freedom is in-tegrable, as it conserves A and the Hamiltonian,
The asymmetry is defined as
hence the largest asymmetry corresponds to largest |cos(2θ)|, i.e., smallest sin (2θ). If the input corresponds to real initial values of a 0 (0) and b 0 (0) of the same sign [i.e., initially one has α 0 = β 0 = 0 in Eq. (14)], the value of sin (2θ) is determined by the conservation of the Hamiltonian:
where θ 0 is the initial value of θ [so that constraint sin (2θ 0 ) ≥ 1 holds]. It is easy to see that a local minimum (or maximum) of sin (2θ 0 ), considered as a function of cos (α − β), while other parameters are fixed, does not exists. Indeed, differentiating Eq. 
This means that sin (2θ) never takes values smaller than sin (2θ 0 ), hence the asymmetry cannot be larger than its initial value. Note that, if κ is a small parameter, it follows from Eqs. (18) and (19) that the amplitude of the oscillations of the asymmetry may be approximated by
This expression demonstrates that the amplitude of the asymmetry oscillations is proportional to κ, and it has a sharp maximum at small cos(2θ 0 ), i.e., when the input has small asymmetry. These features are in good agreement with numerical modeling of Galerkin equations for the state (0, 0) (see Fig. 5 ).
III. THREE-DIMENSIONAL GPE SIMULATIONS
All results about the tunneling dynamics have been verified by simulations of the nonstationary GNSE (1) with the external potential of the form
where ω r = 2π × 123 Hz, ω z = 2π × 600 Hz, U b = 80hω r , a = 0.3l r , l r = h/ (M ω r ) = 1.84 µm are typical parameters of the trapping potential in the form of the double ring (see Fig. 1 ), and a characteristic value of the number of atoms is N = 6 × 10 5 . For numerical simulations of 3D GPE we use the dimensionless time: t = τ ω r , and dimensionless length r → r/l r , which leads GPE (1) in the form:
where the dimensionless nonlinearity strength isg = 4πa s /l r = 0.0188. The respective density of the superfluid flow is
The stationary states of the form Ψ(r, t) = Ψ(r)e
−iµt
with chemical potential µ, can be found numerically by imaginary-time-propagation method. To obtain a stationary state in the ring, with the vortex phase profiles in the top and bottom rings:
following the pattern of hybrid vortex-antivortex modes, which may be stable in a peanut-shaped nonlinearitymodulation profile [27] . The dynamics of BEC in real time was simulated by means of the usual split-step fast-Fourier-transform method.
In the simulations, a chemical-potential difference between the top and bottom condensates was seeded by a population imbalance in the initial state of the doublering system. First, we find a stationary state in an asymmetric potential, with the potential of the bottom ring, z < 0, biased by a constant term U δ > 0. Then, at t = 0 the biased state is quenched by suddenly turning the asymmetry off, U δ → 0, which was followed by real-time simulations of Eq. (23) at t > 0. Each value of U δ corresponds to a specific value of the chemicalpotential difference between the top and bottom condensates. We use U δ = 1.1hω r for the simulations reported below, which is a physically relevant value of the bias. We have also simulated the evolution of asymmetrically quenched inputs in other forms (for example, using a 3D analog of a linearly-tilted double-well potential). It was found that the particular form of the initial asymmetry does not qualitatively affect the ensuing dynamics of the tunneling flows.
In the experiment, the double-ring system with different angular momenta in its top and bottom parts may appear spontaneously as a result of cooling, with different momenta, m 1 and m 2 , being frozen into the two rings after the transition into the BEC state. Such hybrid states can be also created in a more controllable way. Indeed, taking into regard the asymmetry of the density distribution in the top and bottom rings, it is possible to excite the vorticity, by a stirring rotating-wave laser beam, in one ring only, keeping the mate one in the zerovorticity state [40, 41] Thus one can prepare the input of the (m 1 , m 2 ) = (0, 1) state. Next, using the phaseimprinting technique, it is possible to create a (−1, 1) state with the help of properly tuned Laguerre-Gauss beams LG −1,0 , which resonantly interacts with atoms in zero-vorticity state.
As well as the simplified model introduced above, the 3D GPE conserves its Hamiltonian, the total number of atoms (in the scaled form), |Ψ| 2 dr = N , and the total angular momentum L z . Naturally, the evolution of the atomic populations and angular momenta in the bottom and top rings crucially depend on vorticities m 1 and m 2 The amplitude of oscillation is determined by initial population differences as it was pointed out using Galerkin approximation (see Fig. 5 ). As mentioned above, BEC trapped in the double-well potential, with a tunnel link connecting the wells, features Josephson oscillations between them [3, 36] . Further, (Figs. 8-10 and 4) .
Thus, the numerical simulations of the GA and full GPE predict the same effects in the flow dynamics in the double ring: for non-rotating (0, 0) and co-rotating (1, 1) states one observes generic Josephson oscillations of the total tunneling flow, while for the counter-rotating state of the (1, −1) type, as well as for one of the type (0, 1), the total tunneling flow vanishes.
To gain a deeper insight into the dynamical state produced by the input with different vorticities systems, one may again look at the superfluid current (23) . To analyze its structures, we substitute ansatz (2) for the 3D wave function, with Φ + = |Φ + |e −iµ+t , Φ − = |Φ − |e −iµ−t (wave functions of the stationary states), and φ = e im1θ , ψ = e im2θ . The substitution yields
These simple relations agree well with full 3D simulations, see Figs. 9 and Fig. 10 , as well as with the GA predictions, see Figs. 4 (b,c) ).
In particular it follows from Eqs. (25) that the total inter-ring currents for the states of the (1, −1) and (0, 1) types indeed vanish: [31] , in which stationary vortices were obtained in an array of linearly-coupled one-dimensional BoseEinstein condensate. However, following the application of the quench, in the biased two-ring system we observe in Fig. 12 that fluxon cores rotate and bend.
IV. CONCLUSION AND DISCUSSION
We have considered the bosonic Josephson junction between two atomic condensates loaded in parallel-coupled ring-shaped traps. The analysis was done using the truncated model produced by the GA (Galerkin approximation), and through direct systematic simulations of the underlying three-dimensional GPE. Both approaches demonstrate that the a. A.Y. acknowledges support from Project "Topological properties of chiral materials and Bose-Einstein condensates in magnetic field" by Ministry of Science and Education of Ukraine.
